We deduce the structure of the Dirac field on the lattice from the discrete version of differential geometry and from the representation of the integral Lorentz transformations. The analysis of the induced representations of the Poincaré group on the lattice reveals that they are reducible, a result that can be considered a group theoretical approach to the problem of fermion doubling.
DISCRETE DIFFERENTIAL GEOMETRY
Given a function of one independent variable the forward and backward differences are defined as
Similarly we define the average operators ∆f (x) = 1 2 {f (x + ∆x) + f (x)} ∇f (x) = 1 2 {f (x) + f (x − ∆x)} This calculus can be enlarged to functions of several variables. In particular, we have for the total difference operator ∆f (x, y) f (x + ∆x, y + ∆y) − f (x, y) = ∆ x ∆ y f (x, y) + ∆ x ∆ y f (x, y)
in an obvious notation. The finite increments of the variables ∆x, ∆y · · ·, can be used to introduce a discrete differential form ω = a (x, y) ∆x + b (x, y) ∆y and the usual exterior product, from which we construct the p-form and the dual (n − p) -form in the n-dimensional space.
From the p-forms we can construct (p+1)-forms with the help of the exterior difference, for instance,
The exterior calculus can be used to express the laws of physics in terms of difference calculus, such as classical electrodynamics, quantum field theory [1] . In particular, for the wave equation we have − * ∆ * ∆φ = 0, or
EXACT SOLUTIONS FOR THE DIRAC-EQUATION
Given a scalar function Φ (n µ ) ≡ (n µ ε µ ) defined in the grid points of a Minkowski lattice with elementary lengths ε µ , and the difference operators
the Klein-Gordon equation can be read off
Using the method of separation of variables, we obtain the exact solutions of this difference equation
with k µ , continuous variables satisfiying the dispersion relations k µ k µ = m 2 0 c 2 The solutions (2) constitute a basis for the solutions of the Klein-Gordon equation. If we impose spatial boundary conditions on the wave functions, we get
With the help of this basis we can derive, as in the continuum case, Hamilton equations of motion, a Fourier expansion for the KleinGordon fields [2] . We can apply the same technique to the Dirac fields on the lattice. Starting from the Hamiltonian
we obtain from the Hamilton equations of motion, the Dirac equation
and from this we recover the Klein-Gordon equation. The transfer matrix, which carries the Dirac field from one time to the next can be obtained from the evolution operator [3] 
INTEGRAL LORENTZ TRANSFORMATIONS
A group theoretical approach to the Dirac equation, can be given from the induced representations of Poincaré group on the lattice [4] . We start with the integral transformations of the complete Lorentz group generated by the Kac generators 
where
α, β, . . . = 0, 1 The finite representations of the Lorentz group can be obtained by standard method. In particular, for the two dimensional representation α ∈ SL(2, C) and the parity operator I s we obtain the (reducible) Dirac representation [5] 
In order to get U IR, we introduce the projection operator
Applying this operator to a four component spinor we obtain the Dirac equation in momentum space
We recover the Dirac equation in position space (3) by making the substitution p µ = 2 ε tan πk µ ε µ in (4) and then applying the discrete Fourier transform
INDUCED REPRESENTATIONS OF THE POINCARÉ GROUP
Given an integral Lorentz transformation Λ and discrete translation characterized by a four-vector a, the induced representations are given by standard methods [5] i) choose an U IR, D o k (a) of the translation group (the kernel of the discrete Fourier transform) (5)) ii) define the little group H ∈ SO (3, 1) by the stability condition: 
IRREDUCIBILITY AND FERMION DOUBLING
The dual group of the discrete translation group is given by all the points from the Brillouin zone. We characterize the discrete orbit of the point group by functions on the dual space. We formulate the following conditions for these constraints: i) they should vanish on and only on the points of the orbit ii) they should admit a periodic extension iii) they must be Lorentz invariant iv) the difference equations should go to the continuous wave equation when the lattice spacing goes to zero.
The difference equation ( is invariant under the cubic group and become zero on the points of the orbit under this group, but is zero also in the border of the Brillouin zone −1/ε ≤ k µ ≤ 1/ε. Therefore the representation is not irreducible and can be reduced giving rise to different elementary systems with the same mass.
